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Abstract. In this paper we consider the following problem: When are the preduals of two hyperfinite 
(=injective) factors M and M (on separable Hilbert spaces) cb-isomorphic (i.e., isomorphic as operator 
spaces)? We show that if M is semifinite and J\f is type III, then their preduals are not cb-isomorphic. 
Moreover, we construct a one-parameter family of hyperfinite type Illo-factors with mutually non cb- 
isomorphic preduals, and we give a characterization of those hyperfinite factors M whose preduals are 
cb-isomorphic to the predual of the unique hyperfinite type Illi-factor. In contrast, Christensen and 
Sinclair proved in 1989 that all infinite dimensional hyperfinite factors with separable preduals are cb- 
isomorphic and more recently, Rosenthal, Sukochev and the first-named author proved that all hyperfinite 
type III;^-factors, where < A < 1, have cb-isomorphic preduals. 

1. Introduction and formulation of the main results 
In the paper [I] , Christensen and Sinclair proved that if M and A/" arc infinite dimensional factors with 

cb 

separable preduals, then M and M are cb-isomorphic {M. ~ N) , i.e., there exists a linear bijection (f> 
of M onto JV such that both (j) and are completely bounded. In 1993 Kirchberg (cf. [25]) proved a 
similar result for C*-algebras, namely if A and B are simple, separable, nuclear, non-type I C*-algebras, 
then A ~ B . 

However, if one turns to preduals of von Neumann algebras (on separable Hilbert spaces), the situation is 
very different. Rosenthal, Sukochev and the first-named author proved in [T^ that if is a Ili-factor and 
A/" is a properly infinite von Neumann algebra, then their preduals and AC are not isomorphic as Ba- 
nach spaces, so in particular they are not cb-isomorphic. Moreover, the Banach space isomorphism classes 
(respectively, cb-isomorphism classes) of separable preduals of hyperfinite and semifinite von Neumann 
algebras are completely determined by [18j . Theorem 5.1. 

By a combination of two recent results of Pisier and Junge, the predual A^, of a semifinite factor Ai 
cannot be cb-isomorphic to the predual of i?oo , the unique hyperfinite factor of type IIIi , because Pisier's 
operator Hilbert space OH does not cb-embed in A^, by [35], while OH admits a cb-embedding into 
(-Roo)*, as proved in [22] (see also [17]) . 

A von Neumann algebra M with separable predual is hyperfinite (or approximative finite dimensional) 
if A4 is the strong closure of an increasing union U,^]^A/1„ of finite dimensional *-subalgebras A4n ■ 
By Connes' celebrated work 4 , a factor Ai (with separable predual) is hyperfinite if and only if it is 
injective. It is well-known that the same holds for non-factors (see Section 6 of [M] and the references given 
therein), so in the following we do not need to distinguish between " hyperfiniteness" and "injectivity" for 
von Neumann algebras with separable preduals. 
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The main results of this paper are the following: 

Theorem 1.1. Let Ai and M be hyperfinite von Neumann algebras with separable preduals Ai^ andj\f^, 
respectively. If A4 is type III and M is semifinite, then the preduals A^, and are not cb-isomorphic. 
More generally, is not cb-isomorphic to a cb- complemented subspace of J\f^ . 

Theorem 1.2. The predual of a hyperfinite type Ill-factor M. (on a separable Hilbert space) is cb- 
isomorphic to the predual of the hyperfinite type Illi-factor R^o if and only if there exists a normal 
invariant state on the flow of weights {Z{J\f), (0s)sgr) for Ai . 

Theorem 1.3. There exist uncountably many cb-isomorphism classes of preduals of hyperfinite type IIIq- 
factors (on separable Hilbert spaces). 

Both Theorems 11.21 and 11.31 rely on Connes' classification of type III- factors (cf. [3]), and the Connes- 
Takesaki flow of weights for type Ill-factors (cf. [10]) and on Connes' classification of injective factors (see 
[3]), which we will outline below. 

In [3j Connes introduced the subclassification of type III- factors into type IIlA-factors, where < A < 1 . 
Later, in [10! Connes and Takesaki introduced the "smooth flow of weights" (now called "the flow of 
weights") of a type Ill-factor. Following Takesaki's exposition in |i41 , Vol. II, pp. 364-368, the flow of 
weights can be constructed as follows. Let be a type Ill-factor, and let be a normal, faithful state 
on M . Consider the crossed product Af :— M xi R , where (trf )(gR is the modular automorphism group 
associated with . Then A/" is generated by an embedding tt{A4) of A4 into Af and by a one-parameter 
group (A(t))tgR of unitaries in Af . Moreover, there is a s.o.t-continuous dual action {9s)s£R of R on A/", 
characterized by the relations 

6's(7r(x)) = 7r(.T) , X e Ai 

es{x{t)) = e'"*A(i), tern., 

for aU s e R. Let 9s be the restriction of 9s to the center Z(7V) of TV. Then iZ{Af), {9s)sm) is called 
the flow of weights for Ai . It is independent (up to isomorphism) of the choice of the state cj) on Ai . 
Since A/f is a factor, 9 — {9s)seM acts ergodically on Z{Af) , i.e., the fixed point algebra Z{M)^ for the 
action 9 is equal to CI . Since Z(M) ~ L°°(ri, \j) for some standard Borel measure space (fi, /x) , the flow 
9 — (9s)seR can be realized as the flow associated to a one-parameter family (crs)sgR on non-singular Borel 
transformations of (ilj/i) , that is, for all s e R, 

{9sf){x) = f{o-\x)), /eL-(r!,Ai),xel]. 

The connection between Connes' type IIlA-factors and the flow of weights is given by 1.4., 1.5. and 1.6. 
below (cf. [lO] , [40] and [H], Vol. II, Chapter XII). 
Let A4 be a type III- factor (with separable predual). Then 

1.4. A4 is of type IIIo if and only if the flow (6's)sgR is non-periodic, i.e., 9s ^ ^Az(^f) , for all s G R \ {0} . 
In this case the flow is non-transitive (=properly ergodic), which means that the measure /i described 
above is not concentrated on a single u-orbit in O . 

1.5. For < A < 1 , A^ is of type IIIa if and only if the flow [9s)s&i is periodic with minimal period equal 
to — log A . In this case, 

Z{N) ~ i°°(R/((-logA)Z)). 
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and for all s e M , 6*^ is induced by the translation cr^ : x i— > a; + s on f2 = K/((— log A)Z) . 

1.6. M is of type IIIi if and only if 6^ = Id^f^v-) , for all s e K . In this case Z{Af) = CI . 

For hyperfinite type Ill-factors with separable predual much more is known, owing to Connes' classifi- 
cation of injective factors [3], and related work by Krieger Connes f51 and by the first-named author 
|16| . namely: 

1.7. The map M ^ {{Z{M), (^s)sgk) gives a one-to one correspondence between the set of (isomorphism 
classes of) hyperfinite type Illo-factors onto the set of (isomorphism classes of) non-transitive ergodic 
fiows {A, {0s)se'B.) on abelian von Neumann algebras A with separable predual. In particular, there are 
uncountably many isomorphism classes of hyperfinite type Illo-factors (cf. [1], [17]). 

1.8. For each < A < 1, there is exactly one (up to isomorphism) hyperfinite factor of type III^ , namely 
the Powers factor 

where (j)x — Tr(/iA • ) i Tr being the non-normalized trace on Af2(C) and hx = ^ 1 ^ ' ^^^^ ^'"^ 

1.9. There is only one (up to isomorphism) hyperfinite type Illi-factor, namely the Araki-Woods factor 
Roc , which can be expressed as the (von Neumann algebra) tensor product Roc — R\j^'SiR\2 of two Powers 
factors with ^ Q (cf. [5] and [IB]). 

Proofs of 1.7. , 1.8. and 1.9. can also be found in ;4T], Vol. Ill, Chap. XVIII. 

The rest of the paper is organized in the following way. In Section 2, we obtain some Stinespring-type 
decomposition results for completely positive and completely bounded maps, which will allow us to show 
that two properly infinite hyperfinite von Neumann algebras M and Af with separable preduals have cb- 
isomorphic preduals if and only if there exist von Neumann algebras embeddings i : A4 Af , j : J\f ^ A4 
and normal conditional expectations E : JV^i{Ai) , F : A4^j(J\f) . From this result. Theorem 1 1 . 1 1 follows 
easily by results of Sakai |36j and Tomiyama ,43j on normal conditional expectations. 

In Section 3 we prove Theorem II .21 The most difficult part is to show that Roc embeds into A4 as the 
range of a normal conditional expectation, provided that there exists a normal, invariant state on the flow 
of weights for M . This part of the proof relies heavily on the main result from [19 on the classification 
of normal states on a von Neumann algebra up to approximative unitary equivalence. 

Finally, in Section 4 we prove Theorem ll.3l bv giving an explicit construction of a one-parameter family 
{A^*^ ,^^*')o<t<2 of non-transitive, ergodic flows 0*^*-' = {9i^^)seR on abelian von Neumann algebras A^*) 
with separable preduals , satisfying the following property: 

(1.1) lim ||w 06*^*2 = i, ujeA'^^K 

n— »oo 

Then by 1.7. above, (A^*) , 6''^*^)o<t<2 are the flows of weights associated with hyperfinite type IIIq- factors 
(Al*^*^)o<t<2 , and by (|l.ip combined with the results of Section 2, we obtain that All*^'' and All*^^ are not 
cb-isomorphic when ti ^ t2 ■ It is interesting to note that the factors (A^'-*'')o<t<2 cannot be separated by 
Connes' S- and T-invariants. Being type Illo-factors, S{A4'-*^) ~ {0, 1} , for all t e [0, 2), and in Theorem 
133] we prove that r(A^(*)) = { fc e Z , n e N} , for alH G [0, 2) . 
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For details on operator spaces and completely bounded maps we refer to the monographs [TTl [33] . We 
shall briefly recall some definitions that are relevant for our paper. An operator space X is a Banach 
space given together with an isometric embedding X C B{H) , the algebra of bounded linear operators 
on a Hilbert space H . For all n > 1, this embedding determines a norm on M„{X) (the nx n matrices 
over X), induced by the space Mn{B{H)) = B{H'^) . The morphisms in the category of operator spaces 
are completely bounded maps. Given a linear map (j) : X ~^ Y between two operator spaces X and Y 
and n > I, define 0„ : M„(X) Af„(F) by (t)n{[xtj]) = [4>{xrj)] , for aU G M„(X). Let 

\\4>\\cb '■— sup{|j(/),i|| ; n S N } . The map (j) is called completely hounded (for short, cb) if ||0||c6 < oo , and 4> 
is called completely isometric if all are isometrics. The space of all cb maps from XtoY^ denoted by 
CB{X, Y) , is an operator space with matrix norms defined by Mn{CB{X, Y)) = CB{X, M„(F)) , n> 1. 
The dual of an operator space X is, again, an operator space X* = CB{X, C) . A von Neumann algebra 
A4 carries a natural operator space structure, and its predual carries the operator space structure 
induced by the completely isometric embedding into the dual A4* of . 

2. Stinespring-type decomposition theorems and applications 

Lemma 2.1. Let M and M be von Neumann algebras with separable preduals Al, and J^^ , respectively. 
Let a : A4 ^ M be a completely positive map. Then there exists a completely positive unital map 
a : A4 J\f such that 

a(a) = a(l)i/25(a)a(l)i/^ aeM, 
where 1 denotes the unit of M . Moreover, if a is normal, then a can be chosen to be normal. 

Proof. Assume first that supp(Q!(l)) = Ij^f , where denotes the unit of M . Let iJ be a separable 
Hilbert space with M C B{H) . The operator a(l)^/^ is one-to-one and has dense range, denoted by i?o ■ 
Hence we get a (possibly unbounded) map a(l)~^/^ : Hq — *■ H . 
Now fix a e A1 , a > , and define a positive sesquilinear form on iJp x Hq by 

s(x, y) := (a(a)a(l)-i/2x, a{l)-'/^y) , x,yeHo. 

Note that s is positive, since a is so. We now show that s is a bounded sesquilinear form. For all x G Hq , 

s{x,x) < \\a\\(a{l)a{iy^^^x,a{l)-^^^x) = \\a\\\\x\\\ 

By Schwarz's inequality, 

\s{x,y)\<six,xy/^s{y,yy/^ < |la|l , x.yeHo. 

Hence there exists a unique operator T E B{H) such that 

(Tx, y) = {a{a)a{l)-^'^x , a{l)-^'^y) , x.yeHo. 

Note first that T E JV . This follows from the fact that for all x,y G Hq and all unitaries U in the 
commutant Af' of M , 

{TUx,Uy)^{Tx,y), 

wherein we use the fact that a(a) G Af, and a(l)~^/^ is affiliated with Af . Clearly T is positive. 

Since A4 is the span of its positive part , we infer that for all a G , there exists a unique element 
a{a) G Af such that 

{a{a)x, y) = (a(a)Q:(l)"^/^a; , a(l)~^/^y) , x,y E Hq. 
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By uniqueness, the map a is linear. Also, clearly a{a) > , whenever a > , and — Ij^ . Looking at 
n X n matrices over A4 we infer that a is completely positive. Moreover, for all a £ A4 , 

a{a) ^ a{l)^/'^S{a)a{l)^^\ 

since {a{a)x, y) = (5;(a)a(l)^/^a;, Q;(l)^/^y) , for all x,y £ H . Note also that a is normal if a is so. 

It remains to consider the case when p := supp(a(l)) ^ lj\f . Apply the previous argument to the 
mapping a : M ^ pNp C TV. We then obtain a completely positive map a : M. ^ pNp such that 
a(l) = p and a{a) ~ a(l)^/^5(a)a(l)^/^ , for all a e . Choose a normal state 4> on M , and set 

a{a) :— a{a) + 0(a) (1^/- — p) , a E M . 

^ ^ 1/2 

Then a is completely positive and S(l) = p + {l^f ~ p) — lj\f ■ Furthermore, since supp(a(l) ) = p , 

a(l)i/23(a)a(l)i/2 = a{a) + cp{a)a{lY'''{lj^ - p)a{lY'^ = a{a) . 
Moreover, if a is normal, then both a and a are normal. The proof is complete. □ 

Lemma 2.2. Let M be a von Neumann algebra with separable predual. If p Cz JV is a properly infinite 
projection with central support equal to the identity 1 of M , then p ^ \ . 

Proof. This result is well-known and it follows by standard comparison theory of projections. For conve- 
nience of the reader, we include a proof. Assume that p ^ \. Choose a maximal family of pairwise 
orthogonal non-zero projections such that pi ^ p, for alH e / . Note that / must be countable. We first 
show that 

(2.1) Ep' = 1- 

iei 

Suppose by contradiction that ^ Pi < 1 ■ Set q := I — pt . If c{p) and c{q) denote the central support 

iei iei 
of p and q, respectively, then c{q)c{p) = c{q) ^ . This implies that there exist nonzero projections go a-nd 

Po such that qo < q , Po ^ P and qo '■-^ po ■ Hence qo ^ p . Since qo < q , this contradicts the maximality 

assumption of the family {pi)i^i , and (|2.ip is proved. Since p is properly infinite, we can write 

(2.2) ^'-E^- 

iei 

where {ri)iizj are pairwise orthogonal projections so that p ^ ri , for all i G /. Hence pi ^ p ^ ri , for all 
i E I . Together with ()2.ip and ()2.2|) . this implies that 1 ^ p . Clearly p di 1 , and therefore p ^ 1 . □ 

We now prove the following Stinespring-Kasparov-type theorem (see [21], Theorem 3(1)): 

Theorem 2.3. Let Ai and M be von Neumann algebras with separable preduals M.^ and M* , respectively. 
Assume, moreover, that M is properly infinite. Let a : M M be a normal, completely positive map. 
Then there exists a normal ^ -representation n : A4 J\f and an operator V E M such that 

a{a) = V*n{a)V , aEM. 
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Proof. By Lemma 12.11 we can assume without loss of generality that a{l) — Ijv , where 1 and lj\f are 
the identities of Ai and Af, respectively. Following Stinespring's construction (see [30], Theorem 4.1), 
we define a positive sesquilinear form s on the algebraic tensor product M. Q H , where _ff is a separable 
Hilbert space with C B{H) , by 

s{a ®x,b®y) :— {a{b*a)x, y) , a,b € M ,x,y € H . 

Let L := {z E Ai Q H; s{z, z) ~ 0} , and note that {A4 H)/L is a prehilbert space whose completion 
we denote by K . For all a G and x g 77 let [a® x] denote the corresponding element in the quotient 
space M. Q H / L . For all a € 7W define 7ro(a) by 

■KQ{a)[b ® x] -.^ [ab ® x] , beM,xeH. 

Then ttq (a) is a densely-defined, bounded operator on the dense subspace ( H) /L oi K . Hence ttq (a) 
extends to a bounded linear operator on the whole K , and this yields a map ttq : Ai ^ B{K) . It is easily 
checked that ttq is a unital *-representation. Moreover, ttq is normal. This follows immediately from the 
fact that a is normal and that 

(2.3) (7ro(a)[6 a;] , [c y]) = {a{c*ab)x , y) , 
for all a,b,c E A4 , and all x,y E H . Define now W : H ^ K hy 

Wx -.^ [l(g> x] , xGH. 

By (|2.3p . it follows that {TTo{a)Wx, Wy) — {a{a)x, y) , for all a G and all x,y E H . Since a(l) = , 
W is an isometry of H into K , W*W = Ij^ and 

(2.4) a(a) = VF*7ro (a) W^, a e A4 . 

Let A/"' denote the commutant of Af in /B(-ff) . Define a normal ^-representation of A/"' on (A^ H)/L by 

cro(n-')[« ® 2;] := [a n'x] , n e Af' . 
It is easily checked that ctq is a well-defined linear map on {Ai ) / L . Now let n' e A/"' . Then 
II [a n'ccjll^ = {a{a* a)n' X , n' x) — {{n')*a{a*a)n'x,x) — {{n')*n'a{a*a)x,x) 

< ||n'|p||[a0:E]||^ 

wherein we have used the fact that a{Ai) C JV . We deduce that <To{n') has a unique extension to an 
operator (T{n') e B{K) such that 

(2.5) (T{n')[a x] = [a n'x] , a e A^ , a; G iJ . 

Note also that a{lj^) — Ik , and it is easily checked that the map a : ff' ^ 13{K) thus defined is a normal 
^-representation. Set 

Af {<j{Af')y C B{K) . 

Next, we check that WW* E A/". Given any a E Ai and x E H, we have by the definition of W that 

{W*[a(g)x],y) = {[a(g)x] ,Wy) = ([a0x] , [10 2/]) = {a{a)x,y) , y e iJ . 
Hence W^*[a x] = Q:(a)a; , so W^VF*[a x] = [1 Q!(a)a;] , which imphes that 

a{n')WW* [a x] = [1 n'a{a)x] . 
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Moreover, by ([23]), WW*a{n')[a (g) x] = [1 (g) a{a)n'x] = [1 n'a{a)x] . We conclude that WW* £ TV. 
Note that 

(2.6) Wn' = a{n')W, n' e M' , 

since for all x £ H , Wn'x — [Ig) n'x] , while (T{n')Wx = <j{n')[l (g) x] — [Ig) n'x] . Taking adjoints we get 

(2.7) n'W* = W*a{n') , n' e JV' . 

We next prove that WW* is a properly infinite projection in J\f . Define 

p{x)^WxW*, xeJV. 

Since W*W — l_\f , p is a (non-unital) >i=-homomorphism of J\f into B{K) . Moreover, 

WxW*(j{n') = Wxn' = Wn'xW* ^ a{n')WxW* , x&Af,n' &Af' . 

Hence p{x) S (cr(A/''))' = , for all a; e A/". Since p{l^f) — WW* , we can consider p as a unital 
*-homomorphism of Af into the corner algebra {WW*)N{WW*) , and since Af is properly infinite, it 
follows that p{Af) and {WW*)N{WW*) are also properly infinite von Neumann algebras. Hence WW* 
is a properly infinite projection in Af . Now let c(M^VF*) be the central support of WW* in Af and put 
q := I - c{WW*) . Then q e Z{N) = Z{a{Af')) and therefore q = a{qQ) , for a projection go e Z{Af') . 
Since (j{qQ) and WW* are orthogonal projections, we have for all x E H that 

WqoX = WW*[lg)qox]^WW*cr{qo)[lg)x] =0. 

Therefore go = , which imphes that c{WW*) ^ Ik ■ By Lemma [2?2] . it follows that WW* ^ Ir (in 
Af) . Choose now [7 e TV" such that U*U = M^H/* and UU* = 1a' . Then UW G 6(i/, /sT) and 

{UW)*UW = l, UW{UW)* :^Ik, 

i.e., C/iy is a unitary operator from H to K . Therefore 

7r(a) := ([/iy)*7ro(a)J7iy , aeM 

defines a normal unital *-homoniorphism of A4 into /B(iJ) . For all a e , 

L/*^o(a)f/e A/'= (r7(AA'))'. 

Hence, by (EH) and ([271) , 7r(a) = P^*(f7*7ro(a)t/)VF e (TV')' ^ Af . Next, set F := W*U*W G 6(iJ) . 
Since U* € Af = (cr(TV'))' , using again JM]) and ([27]) we deduce that V e (TV')' = TV. Moreover, for all 
a e A4, 

a{a) = W*TTo{a)W = W*UWTT{a){UW)*W = V*TT{a)V . 
This completes the proof. □ 



Next we prove the following Wittstock-Haagerup-Paulsen-type theorem (see [30] , Theorem 7.4 and the 
references given therein): 

Theorem 2.4. Let A4 and Af be von Neumann algebras with separable preduals A^^jA/"*. Assume, 
moreover, that Af is properly infinite and injective. Let a : A4 Af be a normal cb-map. Then there 
exists a normal * -representation tt : A4 ^ Af and operators i? , 5 e TV such that 

(2.8) a{a) = RT:{a)S , a e A4 
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and ||i?||||S'|| = \\a\\cb ■ 

For the proof we need a few preliminary considerations. Recall that (see, e.g., [JT] Vol.1, Theorem 2.14) 
if Al is a von Neumann algebra, then any functional (/> £ A1* has a unique decomposition into its normal 
and singular part 

(2.9) = 0„ + 0, . 

Moreover, if M and J\f are von Neumann algebras (not necessarily with separable preduals), and T e 
B{A4,J^) , then there exists a unique decomposition 

(2.10) T = Tn + Ts, 
where T„ , Tg e B{M,M) , and such that for any G AC , we have 

(2.11) (j)oTn^ {(j)oT)n, (j)oTs = {(f)oT)s, 

(cf. [43], Theorem 1). Further, the following assertions hold: 

(a) If T is positive, then both T„ and Tg in the decomposition (|2.10p are positive. 
(6) If T is completely positive, then both T„ and Tg in the decomposition (|2.10p are completely 
positive. 

Statement (a) follows by uniqueness, since for any positive functional (j) €i M* , both maps (j)n and (j)s in 
the decomposition (12. 9|) are positive. To justify (6) , let fc be a positive integer, and note that for any 
(f) e (MkiM))*, we have = ((/>y)j*'j=i with 0^ G M* , since, algebraically, (Ma;(A1))* = Mk{M*). By 
uniqueness we deduce that </)„ = ((</'ij)n)i^.j=i and, respectively, 0^ = ((0ij)s)^j=i- Thus (6) follows. 



Proof of Theorem \2.4\ By Definition 1.1 and Theorem 1.6 in |15j . there exist completely positive maps 
/3,7 : ^ A/" such that ||/3|| < ||a||cb , WlW < ||a||cb and the mapping a defined by 

(2.12) <j{a) ■■={'): aeM 

is a completely positive map from A4 into M2 (M) , where 

a*(a) := a{a*)* , a e . 

Next, note that the maps f3 and 7 can be chosen to be normal. For this, exchange (possibly) P and 7 
above with their normal parts /3„ and 7„ , respectively. Then, by assertion (6) above one can check that 
the map a defined by (|2.12p is still completely positive, and, moreover, normal. By Theorem 12. 3i there 
exists a normal ^-representation tt' : Ai ^ M2{Af) and an operator V G M2{M) such that 



(3{a) a*{a) 
a{a) 7(a) 



F*7r'(a)F, aeM. 



Write now F = ( ^" ) . It then follows that WVW^ < max{|l/?|l , ^H} < |la|lcb and 



V21 



22 



«(«) = (^i*2,V^22)^'(a) ( ' 
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Since A/" is properly infinite, N ^ M2{M) . Denote by 1 the identity of A/" and choose isonietries ui ,U2 E J\f 
so that Miu* and U2U2 are orthogonal projections with wiu* + 1*2^2 = 1 • Define ir : A4 ^ J\f by 

7r(a) (wi ,M2)7r'(a) eW, a G . 



Then tt is a ^-representation because (ui , U2) is a unitary from H to H ® H , as verified by the following 

1 
1 



computations: (ui ,^2) ( ^ ) = uiu\ + U2M2 ^ 1; respectively, ( ^ ) (ui ,^2) = ( ) ■ Hence 



7r'(a) = ( ^ I 7r(a)(ui ,1*2) , a G . 
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Moreover, it is clear that tt is normal, and that 

(2.13) a{a) = {V^2 .V^2) ^ ^'(a)(^^i , ^^2) ( JJ^j ) ' « ^ ' 

Denote (T/i*2 , ¥^2) I | by i? , respectively, (ui , U2) ( | by 5" . Then ((2l3)) yields (EH). Moreover, 

\ul ) \V2, ) 

\\R\\\\S\\ < WVW^ < ||a||cb • By JM]), the reverse inequality ||a||cb < \\R\\\\S\\ holds, as well, and the proof 

of theorem 12.41 is complete. □ 

The following result is known as Pelczynski's trick (cf. [21]; see also [55]; page 54): 
Lemma 2.5. Let X and Y be Banach spaces. Suppose that there exist Banach spaces V and W such that 

1) x = r©iy 

2) Y^X®V 

3) XQX'^X 

4) Y^Y^Y 

Then X is isomorphic to Y . 

Proof. For completeness, we include the short proof of this result. We have 

X^XtSX^Y^YeWOW^Y^W^W^X^W, 
and therefore X^Y®W^{X®V)®W^{X®W)®V^X®V^Y,as wanted. □ 



Remark 2.6. A similar proof with isomorphisms being replaced by complete isomorphisms shows that 
Pelczynski's trick holds, more generally, in the category of operator spaces. Note also that if X and Y 
are properly infinite von Neumann algebras, or preduals of properly infinite von Neumann algebras, then 
conditions 3) and 4) above are automatically satisfied, in the operator space category, as justified in the 
proof of Theorem 6.2 in ^TE\ . 

Proposition 2.7. Let M and Af be von Neumann algebras. The following statements are equivalent: 

1) There exists a cb-embedding i : A4* ^ A/"* such that «(A/t*) is cb- complemented in A/"* . 

2) There exist cb maps 4> : A4* AC and ip : AC — > A4* such that ip o (f) = LdM, ■ 

3) There exist normal cb-maps a : M. ^ N and (3 : M ^ Ai such that j3 o a = Mm ■ 
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Proof. 1) 2). By hypothesis, there exists a cb-projection p : AC — > i(A^,) C AC- Set (j) := i , 
ip :— i^^ o p . Then 0, -0 are cb-maps and ijj o cj) — IAm, ■ 

2) 1). Set i -.^ (f), p :— (f) o ip . Note that i = (/> is a cb-embedding, since (/i : ^ 0(^4, ) is a bijection 
with inverse 0""'^ = ip\ip{M,) ■ Also, p'^ = (f) o (xjj o if)) o ip = <f> o ip = p , and moreover, p(i(A^»)) = (/>(A^*) . 
Hence p is a cb projection of AC onto i(A^,) = 0(A^*) . 

2) ^ 3). Set a :— ip* : M ^ Af and /3 := 0* : A/" ^ A4 . Then a , are normal cb-maps with Poa = Mm ■ 
To prove 3) ^ 2) , take := /3, , ?/; := a, . Then , 0; are well-defined cb-maps with -0 o = Id^vi^ . □ 



Lemma 2.8. Let A4 be an injective von Neumann algebra with separable predual. Let tt : M —t B{H) 
and p : A4 ^{K) be two normal, unital * -representations of on separable Hilbert spaces H and K , 

w 

respectively. Then, for all T e B{H,K) , there exists Tq G conv{p{u)TTT{u)*;u G U{A4)} , where U{A4) 
is the set of unitaries in M , such that 

To = p{u)To7t{u)* , u G U{M) . 

Proof. Let us first recall the following definition due to J. Schwartz (cf. [35]; see also [37]). A von Neumann 

W 

algebra M C B{L) has property P if convjuTu*; u G U{M)} n TV' 7^ , for all T € B{L) , where M' is 
the commutant of A/" . It was proved by Sakai that if Af is hyperfinite, then M has property P (see [37] . 
Corollary 4.4.19). 
Now, let T g B{H, K) . Then, for any u e U{M) , 

(2.14) { '^("^ « U V ''^"^^ M = f ' M • 

V ; T y \^ p{u)* j \ p{u)Tn{u)* j 

Since tt and p are normal, it follows that the von Neumann algebra (7r0 p)[M.) is injective, and therefore, 
by the above discussion, it has property P . It follows that there exists an operator 



To e conv{p(u)T7r(u)*;u e U{M)} 

such that ^ ^ ) ^ (('^ ® • % applying (|2.14p to the operator Tq G B{H,K) , we deduce that 

To = p{u)ToTr{u)* , M e Zi(>l) , 
and the proof is complete. □ 



Proposition 2.9. Let Ai and Af be properly infinite von Neumann algebras with separable preduals 
AAsf jAC- If Af is injective (^hyper finite), then the following statements are equivalent: 

i) There exists a cb-embedding i : ^ AC such that i(AA^) is cb- complemented in Af* . 
ii) There exists a von Neumann algebra embedding a : AA ^ Af and a normal conditional expectation 
(3 : Af ^ A4 such that (3 o a — Hm ■ 

Moreover, if i) holds, then AA is injective, as well. 

Proof. We have to prove that i) ii) , since by Proposition 12. 71 we know already that ii) i) . Suppose 
that i) holds, then by Proposition 12.71 there exist normal completely bounded maps ai : AA ^ Af and 
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(3i : M ^ A4 such that Pi o ai — Idj^ . The first goal is to make ai into a ^-representation. Indeed, by 
Theorem 12.41 there exists a normal ^-representation n : Ai ^ Af and operators R,S £ Af such that 

(2.15) ai{a) = Rn{a)S , a e Ai . 

Note that ai is one-to-one (since /3i o = Mm), and by (|2.15p this implies that tt is one-to-one, too. 
Hence tt is a ^-isomorphism of Ai onto its image tt{A4) , the latter being a von Neumann subalgebra of 
M. Set 

p{b):^inof3i)iRyS), y & Af . 

Then, for all b = 7f(a) , where a G A4 , p{b) — {no (3)[RTf{a)S) = n o Pi o ai{a) ~ 7f(a) = b. Thus 
p{Tf{A4)) = TT{Ai) . Since p{Af) C Tf{Ai) , we infer that p{Af) = Tf{Ai) , i.e., p is a projection of A/" onto 
^{Ai) . Hence we have proved that there exist a normal one-to-one ^-representation tt : A4 Af and a 
normal cb-projection p : Af ^ TT{Ai) . Let _ff be a separable Hilbert space with M C B{H) . Since M is 
injective, there exists a conditional expectation E : B{H) Af . The composition n^^pE : B{H) Ai 
is a cb-projection. By a result of Pisier (cf. Theorem 2.9 in [35]) and Christensen-Sinclair 2J, it follows 
that Ai is injective, as well. 

So far we have reduced the general case to the case when is a von Neumann subalgebra of Af , 
a : ^ TV is the inclusion map and /3i : A/" ^ AI is a normal cb-projection of TV onto Ai . The next 
step is to change Pi into a normal conditional expectation. For this, apply now Theorem 12.41 to the map 
Pi : Af ^ Ai , and infer the existence of a normal ^-representation tt : Af Ai and operators R, S £ Ai 
such that Pi{a) — RTT{a)S , for all a G A^. Since Pi\m = Mm and AI C A/", it follows that 

(2.16) a = RTT{a)S, a e Ai . 

Since Ai is injective, we get from Lemma 12.81 that there exists an operator 

So e conv{7r(u)S'u*;M e iY(AI)}"' C A4 

such that 

(2.17) tt{u)Sou* ^ So, ueU{M). 

Note that by ([2T6l) . RTr{u)Su* = uu* = 1 , for all ueU{M). Hence RSq = 1 . Therefore Sq is bounded 
away from 0, i.e., |S'o| := (S'giS'o)^ is invertible. Let 

So :=C/o|^o| 

be the polar decomposition of 5*0 . Since 5o G AI , it follows that Uo & A4 and |S'o| € A^ , as well. Moreover, 
Uo = S'olS'oT^ and U^Uo = 1 • By (ITTTll . tt{u)Sq = Squ , for all u e W(A^) . Hence 7r(a)5o = Squ , for all 
a £ Ai — Span(Z-/(Ai)) . By taking adjoints, it follows that 5'Q7r(a) — aSo , for all a e A^ . Hence 

SqSocl ~ S'ovr(a)S'o = uSqSo , a £ Ai . 

Therefore l^ol = {SqSo)^ G Z{Ai) (the center of A^), which imphes that 

TT(a)Uo = 7r(a)5o|5or^ = S-oalSoT^ = S-ol^oT^a ^Uoa, a e Ai . 

Hence a = UoTT{a)Uo , for all a e A4 , and therefore a — UoTT{a)Uo , for all a e A4 . From this we infer 
that the map P defined by 

p{b) ;7o*^(&);7o , beJ^ 
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is a normal, completely positive map satisfying (3{Af) C and /3|jVi = • Hence /3 is a normal 
conditional expectation of Af onto . This completes the proof of Proposition 12.91 □ 

By Proposition 12.71 and Proposition 12.91 we obtain immediately the following 

Theorem 2.10. Let M. andj\f be properly infinite von Neumann algebras with separable preduals , AC- 
// both M. and J\f are injective, then the following statements are equivalent: 

1) X* '^^'tv; 

2) Mm, admits a cb-factorization through AC, and Idj\f^ admits a cb-factorization through A4* . 

3) Mm admits a cb-factorization through Af and M_\f admits a cb-factorization through M , where 
all four cb-maps involved are normal. 

4) There exist von Neumann algebras embeddings i : M ^ J\f , j : J\f ^ M and normal conditional 
expectations E : Af ^ i{M) , F : M ^ ■ 

The following result is due to Sakai and Tomiyama (cf. [36] and [43j . Theorem 3). For convenience, we 
include a short proof based on |36j . 

Lemma 2.11. f [36] . [43j ) Let Af be a semifinite von Neumann algebra and let AA. Q Af be a von Neumann 
subalgebra of type III . Then there is no normal conditional expectation from Af onto A4 . 

Proof. Suppose by contradiction that there exists a normal conditional expectation E : Af ^ AA . Since 
Af is semifinite, there exists a net (eA)AeA of finite dimensional projections in Af converging in strong 
operator (s.o.) topology to the identity of Af. By normality of _E , it follows that E{e\) 1 , where 
1 is the identity of A4 . Hence, there exists a finite projection e E Af with E{e) ^ . Moreover, we can 
choose e > such that 

p:= l[,,oo)(S(e)) ^0. 

We show next that p is a finite projection in A4 . Set a :— E{e)p + (1 — p) . Then a = a* and a > el . 
In particular, a is invertible. Let {xa)aeA be a bounded net in pA4p , which converges s.o. to 0. Then, 
as shown by Sakai (see the proof of Theorem 2.5.6 (2) in [37 ), the finiteness of e ensures that the net 
(ea;*)agyi converges to s.o. Since G pA4p , for all a G A, it follows that ax* = E[e)x*^ = E{ex*^) . 
Thus x* = a~^E{ex*^) 0. By Theorem 2.5.6 (1) in [37], it follows that pA4p is finite. This imphes 
that p is a finite projection in A4, which contradicts the fact that A4 is of type HI. □ 

Proof of Theorem Let A4 and Af be hyperfinitc von Neumann algebras with separable preduals, 
where A4 is of type HI and Af is semifinite. 

Consider first the case when Af is properly infinite, and assume by contradiction that A4* is cb- 
isomorphic to a cb-complemented subspace of AC . Then the statement ii) in Proposition 12.91 holds. 
By Lemma |2.11[ this yields a contradiction, and therefore the theorem is proved in this case. 

For the general case, note that ii A4^, is cb-complemented in AC , then also {A4 (g) B{H))^, is cb- 
complemented in {Af ® B{H))^, , where H — P(N) . But the von Neumann algebras A4 (g) B{H) and 
Af ® B{H) are both properly infinite; moreover, the first is of type III, while the second is semifinite. So, 
by the first part of the proof we obtain a contradiction, and the proof of Theorem II. II is complete. □ 
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Remark 2.12. In [29 , Oikhberg, Rosenthal and St0rmer studied isometric embeddings of a predual 
into a predual AC , and show that no such embeddings exist if A4 is of type III and M is semifinite. In 
this case neither hyperfiniteness, nor separability assumptions are needed. 

3. A CHARACTERIZATION OF TYPE III-FACTORS WHOSE PREDUALS ARE CB-ISOMORPHIC TO THE 

PREDUAL OF THE INJECTIVE TYPE ///i -FACTOR 

Our main result in this section is a characterization of type III- factors which admit an invariant normal 
state on their flow of weights. (See Theorem 13.51 below.) Let A4 he a. type Ill-factor with separable 
predual and let (pQ be a fixed normal faithful state on Ai . Consider the crossed-product J\f -.^ A4 xig-^o 
and let {9s)seTSL of R be the dual action of a"^" on A/", i.e., 

(3.1) Os{Tr{x)) = 7r(x), xeM 

(3.2) ()s{\{t)) = e'''X{t), teR, 

for all s e M , where Tr{M) and (A(i))tgR are the generators of the crossed product Af, as explained in the 
Introduction. Then the flow of weights of M is the pair {Z{M) , {9s)sm) j where Z{J\f) is the center of Af 
and 6s is the restriction of 9s to the center Z(J\f) , for all s G R . Recall that a state ip on Z{Af) is called 
an invariant state on the flow of weights for A4, if tp is invariant under the dual action (0s)sgR , i.e., 

^Po9s^Tp, seR. 

Next, let h be the unique positive self-adjoint operator affiliated with A/", for which /i** = X{t) , for all 
f e M , and let 0o be the dual weight of 0o in the sense of Takesaki [40j. Then (cf. [40]), <j>o = T{h ■ ) , for 
a unique normal, faithful, semifinite trace r on A/" , which satisfies 

Tods^e^^T, seR. 

By [H], we can define a map </) i~+ of S'„or(A4) , the set of normal states on A4 , into the set Snoi{Z{Af)) 
of normal states on Z{M) in the following way: For </> e 5nor(A4) , let ft.^ denote the unique positive 
unbounded operator affiliated with A/", such that 

(3.3) = r(/i^.), 
where (j) is the dual weight of i^, and set 

(3.4) 60 := l(i,oo)(/i0) e AA. 
Then T{e^) — 1 , and therefore 

4){z) = T{e^z) , z e Z{N) 
defines a normal state on Z{Af) (cf. 19J, Dcf. 3.2). By the proof of Lemma 3.4 in [19] , 

(3.5) ^s(e0) - l[esoo)(/i0), seR. 

The Main Theorem in [19J states that if is a properly infinite von Neumann algebra, then i— > 
maps 5'nor(A4) onto the set {ui G Snoi{Af)', oj o 9s > e^^w , Vs > 0} . Moreover, if t/j e 5'„or(A/t) , then 

(3.6) \U-M\^ inf \\u(t)u*~M. 

The right hand-side in ()3.6p is by definition (cf. [9]) equal to the distance d{[<j)] , where [0] denotes 
the norm-closure of the orbit of (p under the action of inner *-automorphisms, Int(A4), hy (f) t—f u(f>u* . The 



13 



customary notation u(j)u*{x) — (j){u*xu) , for all a; e is being used. We write -0 if d{[(jji\ , [ip]) = . 
We now consider the following more general equivalence relation: 

Deflnition 3.1. Let rn,n be positive integers. A ^-isomorphism a : Afm(A^) M„(A1) is called inner 
if there exists u G M„ „i(Al) satisfying u*u = 1m^{m) ^^id uu* — 1m„(a^)i such that 

a{x) — uxu* , X € M„i{Ai) . 

Let lnt{Mm{M), Mn{M)) denote the set of all inner ^-isomorphisms a : M,n{M) — > M„(7W) . 
If e Snor{Mm{M)) and i; e SnoAMniM)) , then we write <j) ^ if 

inf{||0- V^oall ;a e Int(M„(>l), Af„(X))} = 0. 

Clearly ~ is an equivalence relation on IJfe^i 'S'nor(Affe(Al)) . 

Proposition 3.2. Let A4 be a properly infinite von Neumann algebra with separable predual. Given 
(j) G Snor{M) , then (p is 9 -invariant if and only if for all n > 1 , 

<t)^ (pn := -(f)® Trn , 
n 

where Trn denotes the non-normalized trace on A/„(C) . 

Proof. Let (f> g S'nor(A^) , and let n G N. Since M is properly infinite, we can choose isometries 
wi , . . . ,Vn & M with orthogonal ranges such that X]r=i ^'^^ = ■ Then v :— {vi , . . . , w„) is a unitary 
in Mi,„(7W). We will identify A4 with the subalgebra tt{M) of Af — M » ^ci>o ^ ■ Define now maps 
a:M^ MniM) and a : M ^ Af„(7V) by 

a{x) — v*xv , X ^ A4 , 
5(2/) = v*yv, yeJ\f, 

and put 

(3.7) ip := (j)nOa^ (^(p^^Tin^ oa. 

Then tp ^ cpn ■ We claim that the dual weights (p and ^p on M of (p and tp , respectively, satisfy 

(3.8) = (^^«) ^Tr„^ oa. 
For a; G A1+ , 

(3.9) tp{x) ^ ((po ^Tr„ j («a;wj)"j^i) = ^^(p{v*xvi) . 

It can be easily shown that formula (|3.9p holds for x G A1+ , the extended positive part of Al , as defined 
in [13], Sect. 1. Then by [H], Theorem 1.1, the dual weights (p , ip of (p and ip are given by 



m = ^i^JJs{y)dsj , yGAA+, 
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where Os(y) ds is an element of the extended positive part of Tr{Ai) = A4 . Note that for aU s £ M and 
all 1 < i < n , we have 6s{vi) — Vi , since Vi £ M . Hence, by p.9p , 

V'(y) = - Hv*yv^) = f ® -Tr„) o a{y) , y e JV+ , 

\ n J 

which proves (|3.8p . Next, observe that for y e J\f+ , 

n n 

T{v*yvi) = ^ T{y'^/'^v^v*y'^/'^) = T(y) , 
1=1 1=1 

because '^i'^t = ■ Hence 

(3.10) r = (T(g)Tr„)o5. 
By (|3^ and ((3?T0)) we then have 

(3.11) V^TrV I— 



where /„ G M„(C) denotes the identity n x n matrix. Hence by 

e-if, = ^(l^oo){hil,) ^ l(n,oo){v(h^ (g) In)v*) = v{i{n,oo){h4,) <g In)v* 

= l'(6'logn(e0) (gl /„)w* . 

Therefore, for all z e Z{Af) , 

n 

-0(z) = r(e^z) = T{v(6iogn{e4,) <g In)v* z) = y^T(i;,^iog„(e^)f*z) 

i=l 
n 

j=l 

= nr(6'iog„(e0)z) 

= n(r o 6iiogr0(e</,6'-iogn(2)) • 

Since r o 6'iog„ = e^'°g"T ~ , it follows that 

(3.12) ^/>(z) -T(e00_iog„(z)) = (0O0 

— logn)(^) ; 2 G 

By the Main Theorem in [TH] (cf. (|3.6p above), we now deduce that 

"0 = ^ (f) = (f) O 9-\ogn ■ 

Since V' ~ </'n j we get by transitivity that 

(t> ^ (t>n ^ (f> — (f> O d-logn ■ 

This holds for every n G N . Hence, if (p is 6'-invariant, then (/) ~ (/)„ , for all 7i G N . Conversely, if ~ ^„ 
for all ri e N , then 

(j)o 6'_iog„ = 0, n e N. 

Note that the group generated by {— logn; n > 1} in (R , +) is log(Q+) , which is dense in (R , +) . By the 
continuity of the semigroup {0s)seK i we conclude that 4>o6g — (f) , for all s G R , i.e., (j) is ^-invariant. The 
proof is now complete. □ 
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Corollary 3.3. Let M. be a properly infinite von Neumann algebra with separable predual. If <j) £ Snor{M.) 
such that (j) —(j) ^ Tr„ for all positive integers n , then 

Proof. Assume first that a G Q . Then a ~ ^ , where p, q are positive integers with p < q . By hypothesis, 
we then have 

V (l-a)^ J ^ q \ (q-p)^ ) ^ q \ Og-p,p ® Tr,_p ) ^ ' 

where Op^q-p € Mp_g_p(C) and Oq-p^p € Mq^p^p{C) denote matrices of corresponding sizes with all entries 
equal to zero. By approximation we obtain (|3.13p for all < a < 1 . □ 



Lemma 3.4. Let Mi and M2 be factors with separable preduals, and assume that M.2 is of type LLL. 
Then the following two conditions are equivalent: 

(a) There exists a von Neumann algebra embedding i : Aii^ A^2 o.'rid a normal conditional expecta- 
tion E : M2 — > Ml . 

(b) There exists a von Neumann algebra embedding i : Mi ^ M2 and a normal faithful conditional 
expectation E : M2 Mi . 

Proof. The implication (b) ^ (a) is trivial. We prove that (a) =^ (b) . For this, we can assume that 
Ml C M2 , for which there exists a normal conditional expectation E : M2 ^ Mi . Since E is normal, 
it has a support projection p := supp(i?) , p is the smallest projection in M2 for which E{1 — p) = . 
Moreover, p £ M'l n M2 by the bimodule property of E . Hence the map (/) defined by 

0(a) := ap — pa , a G Mi 

is a normal *-homomorphisni of A^i onto the von Neumann algebra pMi C B{pH) , where A^i C B{H) . 
Since Mi is a factor, the map cj) is one-to-one, and hence Mi ~ pMi . Since M2 is a type IE-factor 
with separable predual and p 7^ , we deduce that p ^ 1 i-*^-, P — uu* for an isometry u G M2 ■ 
Hence M2 — PM2P Q B{pH) . Therefore, in order to prove (6) it suffices to construct a normal faithful 
conditional expectation E' : pMip PM2 ■ Set 

E' [y) := pE{y) = E{y)p , y € pMip . 

Then E' is positive, unital and normal. For a,b £ Mi and x G M2 , we have 

E' {{pa){pxp){bp)) = pE{{ap){pxp){pb))p 

— pE{a{pxp)b)p 

= paE{pxp)bp. 

Hence E' is a normal conditional expectation of pM2P onto pMi = Mip . Moreover, if y G PM2P , y > 
and E'{y) — , then E{y) = (l)~^{E'{y)) = , and hence the support projection of y is less than 1 — p . It 
follows that y = , and we have shown that E' is faithful. □ 



Theorem 3.5. Let M be a type LLL-factor with separable predual. The following statements are equivalent: 
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(1) There exists a von Neumann algebra embedding of R^o into M. with a normal conditional expec- 
tation E : M. Rao ■ 

(2) For every < A < 1 , there exists a von Neumann algebra embedding of R\ into M. with a normal 
conditional expectation E : A4 R\ . 

(3) There exists an invariant normal state on the flow of weights {Z{N), {9s)sev) for A4 . 

Proof. It was shown by Haagerup, Rosenthal and Sukochev (see [TH], Theorem 6.2 (a)) that (Rx)* is 
completely isomorphic to (i?oo)* , for all < A < 1. Then an application of Theorem 12.101 yields the 
equivalence of statements (1) and (2) . 

We now prove the implication (1) (3) . Following an argument from [19j . we will show a (slightly) more 
general result. Namely, let Mi and be factors of type III with separable preduals such that there is a 
von Neumann algebra embedding of A^i into A^2 with a normal conditional expectation E : A42 ^ -Mi . 
We show that if A^i is a type Illi-factor, then under the above condition there exists an invariant normal 
state on the flow of weights for A^2 • By Lemma l3^ we can assume that E is faithful. Let (f>i be a normal, 
faithful state on A4i and set (j)2 :— (pi o E . Then 02 is a normal faithful state on A^2, and by ||39^ it 
follows that 

(3.14) at^^^=4\ teR. 

By p.l4|) we obtain an embedding of Wi := Mi xig.*! K into J\f2 := M2 x1ct*2 K, with a normal faithful 
conditional expectation E : N2 J^i ■ Moreover, £'|Tr2(A42) = ^ ^^^^ 

(3.15) E{\2{t)) ^ \i{t) , ieM, 

where ■Ki{Mi) and (Ai(t))fgR are the generators oi Ni , i — 1,2, as explained before. Further, let 9^^^ := 
{9^p)sev. and 9^'^^ :— (0i^'')sgR denote the dual action of R on A/i and J\f2 , respectively. By p.ip and 
p.2p . 0^^) extends 6''-'^' and the canonical trace T2 on J^2 extends the canonical trace ti on A/i . Also, 



(3.16) E{Z{Af2)) C Z{Afi) , 

which can be justified as follows. Given x E Z{J\f2), then xy — yx for all y £ Mi , and therefore by the 
bimodule property of conditional expectations, yE{x) = E{yx) = E{xy) = E{x)y . 

Since Mi is a type IIIi- factor, then Z{Mi) = CIa/i (cf. 1.6 in the Introduction) , where If^f^ is the 
identity of A/i . By p.l6p we infer that for all x £ Z{Af2) there exists (j){x) £ C such that E{x) = 4>{x) ■ 1a/i • 
It is then easily seen that the correspondence x £ Z{M2) ^ 4>{x) £ ^ defines a normal 6''-^-'-invariant state 
on Z{N2) ■ Thus assertion (3) is proved. 

Now we show the remaining implication (3) (1) . Suppose that {Z{Af), {9s).se«) has an invariant 
normal state uj . Note that, since is a factor, the faithfulness of u is automatic. Indeed, we have that 
0s(supp(a;)) = supp(a;) , for all s € M, where supp(a;) denotes the support projection of oj . Since M is a. 
factor, (0s)sgR is ergodic, which implies that to has full support, and hence to is faithful. Clearly, 

uj o 9s > e^^oj , s > . 

Hence, by the Main Theorem in [1^, there exists </> £ Snoi{M) such that </> = w . By Proposition 13.21 and 
Corollary [231 we infer that for all < a < 1 , 

(3.17) 
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Let < fli, a2 < ^ be chosen such that, if Aj :— , i — 1,2, then ^ Q. Further, for all integers 

fc > set a2k+i 0,1 1 o,2k+2 '■= a2 and define 

Then, Roc = Rx, » Rx., = «)~^i(M2(C), 0„) (see 1.9. in the Introduction). 

Now let e > . By (|3.17p . there exists a £ lnt{M,M2{M)) such that \\4> - {4>i (g) (/>) o a|| < § . Hence we 
can write M = A/2(C)(i)Qi , and choose a normal faithful state V'l on Qi so that {Qi,ipi) = (A^, (f>) and 

||</'-0i«)^Ai|| < |. 

Similarly, write Qi = M2(C)(8)(52 , with a normal faithful state ■02 on (32 such that {Q2,i^2) — {Qi,i^i) 
and II V'l ~ 02 ® "0211 < e/4 . By continuing in this way, we obtain for all fc e N a decomposition 

M = ((»,^=iM2(C))®gfe 

and a normal faithful state V'fc on Qk such that {Qk, 4'k) — {M, 4>) and, moreover, 

(3.18) llV'fe-^fc+i^V^fe+ill < 

Set Xk ■= (01 (8) ... (8) 0fc) (8 i/ifc , for all /c > 1 . By p.lSp . we infer that 

||Xfe+l-Xfc|| = 11(01 0fe) «) (0fe + l «) '(/'fc+l - '0A;)|| 



< 



0fe+l (8) '(/'fe+l - ■0fe|| 

e 



2fe+i 



This shows that the sequence (xfc)fe>i converges in S'nor(A^) . Set x ■= 1™ Xk G <5'nor(Al) . We next 

k — >oo 

show that e := supp(x) commutes with Pk :— (8)^=iM2(C) , for all positive integers k . 
Let now A; G N be fixed. Then, for all n > A: we have 

Xn = (01 8) . . . 8) 0fe) 8) Wfc^n , 

where ujk,n ■= {4>k+i (8 ... (8 0n) ipn ^ <S'nor(Qfe) . Further, note that for all n, m > A; , 

IIX" - Xmll = ||t^/c,n - UJk,m\\ ■ 

Since x := lim Xfe i we deduce that 77^ := lim LUk^n exists, rjk G >S'nor(Qfc) and 

k^oo n^oo 

X = (01 <8 . . . 8) 0fc) (8 77fe . 

Then, since 0i , . . . , 0fc are faithful states, it follows that 

e := supp(x) = supp(0i (8 . . . (8 0fe) (8 supp(77fe) = 1 (8 supp(77fc) e l^Qk ^ P^nM, 

wherein we have used the fact that Pk is a factor. The claim that e commutes with Pk is now proved. 

Next set x° ■— X\mc ^"^^ define P° :— ePk ^ Pk , Qk ■= eQkC and 77° :— Vki^Q^^ , for all k > 1 . We now 
obtain a sequence of von Neumann algebra inclusions C ^ . . . ^ eAle . Moreover, for each k E N , 

(3.19) eMe = P^^Ql = {^tMCMQl , 
and with respect to this tensor product decomposition, 

(3.20) X" = ('/'i®...®0fc)®??°. 
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Note that x° := XUa^^ ^ faithful state on eMe. Let G denote the s.o.t. -closure of U^j^P^J? in eA4e . It 
now follows from and (P?^ that 

and for all fc e N and alH G M , 

which implies that {af )t£R leaves globally invariant for all fc e N. It follows that {af )t£R leaves G 
globally invariant. By [39j we deduce that there exists a unique faithful normal conditional expectation E 
of eMe onto G such that ° -E' = X° • Since is a type III- factor with separable predual, all non-zero 
projections in M are equivalent. Hence Ai = eA4e . Moreover, G = i?oo • This completes the proof of the 
implication (3) ^ (1) . □ 



Remark 3.6. In the special case when Ai is hyperfinite, a more elementary proof of the implication 
(3) =^ (1) in Theorem 13.51 can be obtained. The proof below was suggested to us by Georges Skandahs. 

Assume that A^ is a hyperfinite factor of type III (with separable predual), such that there exists an 
invariant normal state on the flow of weights {A, 6'^^'>) for Ai . Let A/q Roc Xcr^^ K , where w is a fixed 
normal faithful state on Roo ■ Then Ao is the hyperfinite Iloo-factor, and the dual action 0*^°^ := ct"^ of 
satisfies tq o = e~*To , for all s e M , where tq is a normal faithful trace on Aq . Set Af := Ao(8)A , 
9 :— ® 0^^) and r := tq (8) w . Then r is a normal faithful trace on Af satisfying 

(3.21) Toe'^ = e""T, seM. 
By crossed product theory (cf. [JT], Vol. II, Theorem X.2.3 (i)), 

R^ = A^o^"" := {x e A/'o; Of ^ (x) = x , for all s e M} . 

Hence the fixed point algebra A/"^ for the action of 6 on Af satisfies i?oo<8)l C Af^ C Af . Put E := ld^fg (g) (j) . 
Then is a normal conditional expectation of Af onto Ao®l and E{Af^) D E{Roo(E)l) — Roo<E)l ■ Since 
Lu is 9^^^ invariant, it follows that E{Af^) C AAq'"' — Poo^l, and therefore Eq :— Eo\j^e is a normal 
conditional expectation of A/"^ onto Roo<^l ■ Hence Af^ satisfies condition (1) in Theorem 13.51 

We next prove that AA ~ Af^ , which will complete the proof of the implication (3) ^ (1) in Theorem 
13.51 in the hyperfinite case. Note that by (|3.2ip . {Af,T,9) satisfies condition (i) in Theorem XII. 1.1. of 
[41], Vol. II. Therefore 

Z(Ml) = Z(AA)^ 

where AAi A/" xe K- But since {Z {Af) , 9\ z {j\f)) — {A, 9^^'') , the latter being ergodic, we actually have 
Z{A4i) = CI , i.e., AAi is a factor. Moreover, by Proposition X.2.6 and Lemma XII. 1.2. in [IT], Vol. II, 

(7V,R,6i) ~ {Ai2 x„R,R,5), 

for some covariant system (A^2 , R , a) . By Theorem X.2.3. in [41 , Vol. II, it follows that AA2 — Af^ and 

(3.22) Xi =7VxeM~ Al2<^S(P^(K))- 

Since A^2 is also a factor, and Poo<8il is the range of a normal conditional expectation Eq : Af^ Poo^l , 
it follows by Lemma I^TTl that Ai2 ^ Af^ is of type III. Hence, by 

AA* ~ X2 =i A^i . 
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By Theorem XII. 1.1. in [IT], Vol. II, {J\f,R,9) is isomorphic to the " noncommutative flow of weights" 
of Ml (in the sense of Def. XII.1.3 in gT], Vol. II) and hence {Z (Af) , e\ z (j^)) ^ (A,6'(i)) is isomorphic 
to the flow of weights for A4i . Hence A4 and Mi are hyperfinite type III- factors with isomorphic flow 
of weights, so by 1.7, 1.8 and 1.9 in the Introduction, M ~ Mi , and thus M ~ . The proof is 
complete. 

Corollary 3.7. Let M be a type Ill-factor with separable predual. If there exists a type Illi-factor which 
embeds into M as the range of a normal faithful conditional expectation, then there exists a von Neumann 
algebra embedding j : Roo M , with a normal faithful conditional expectation E : M ^ j{Roa) ■ 

Proof. Suppose there is a von Neumann algebra embedding i : TZ ^ M , where 7^ is a type IIIi- factor, 
with a normal faithful conditional expectation E : M ^l"^) ■ By the proof of the implication 1) => 3) 
in Theorem 13.51 we deduce the existence of an invariant normal state on the flow of weights for M . An 
application of Theorem 13.51 yields the assertion. □ 

The following lemma is well-known. For completeness, we include a proof. 
Lemma 3.8. Let M be a hyperfinite factor with separable predual. Then 

M^Roo = Roo ■ 

Proof. Let < A < 1 . Choose < ^ < oo such that |^ ^ Q . Then i?oo = Rfj.^R\ and therefore 
Roo<^Rx — ^oo ■ We deduce that {M^Rao)^R\ — M<^Roo ■ By the definition of the Araki and Woods 
Too-invariant of a factor (see Section 3.6 in [3]), it follows that A £ roo(M(X)i?oo) • By 0, Theorem 3.6.1, 
we conclude that A G S{M^Roo) , where S is Connes' 5'- invariant of a factor. Hence M^Roo is a type 
Illi-factor. It is also hyperfinite, and thus the assertion follows (see 1.9. in the Introduction). □ 

Proof of Theorem \1.2\ This follows now immediately from the equivalence 1) 4) in Theorem I2.10i 
together with Theorem 13.51 and Lemma 13.41 above, and the fact that if M is an injective factor with 
separable predual, then the von Neumann algebra tensor product M®Roo is (isomorphic to) R^o (cf. 
Lemma 13. 8p , which implies that there exists a von Neumann algebra embedding i : M ^ Roo with a 
normal conditional expectation E : Rao i{M) . □ 

If M is any factor (not necessarily hyperfinite) of type HIa , where < A < 1 , then there always exists a 
normal invariant state on the flow of weights for M . Using results of Haagerup and Winsl0w (cf . |2Q] ; see 
also jl8) . Theorem 6.2), we exhibit in the following an uncountable family of mutually non- isomorphic (in 
the von Neumann algebras sense) hyperfinite type Illo-factors which admit a normal (faithful) invariant 
state on their flow of weights: 

Example 3.9. Let G be a dense, countable subgroup of M. Further, let be a normal, faithful state on 
i?oo and set Mg ^oo ^aG , where a : G ^ Aut(Al) is the restriction of the modular automorphism 
group (af )tgR to G. Then A/g is an injective type Illo-factor. Moreover, T{JVg) = G , where T is Connes 
T-invariant. In particular, if G 7^ G" , then A/g and Ag' are not von Neumann algebras isomorphic. It is 
easily checked that there are uncountably many dense, countable subgroups of R . Since Ag is a crossed 
product of Roc by a discrete group, there exists an embedding i of i?oo into A^g with a normal, faithful 
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conditional expectation E : JVq — *(^oo) ■ By Theoreni l3.51 we deduce the existence of a normal invariant 
state on the flow of weights for Afc ■ Note that (A/g)* is cb-isomorphic to (i?oo)* , as shown in the proof 
of Theorem 6.2 in [18]. 

We end this section with the following results concerning the non-hyperfinite case. 

Proposition 3.10. Let M he any type Ill-factor with separable predual Al* , such that there exists an 
invariant normal state on the flow of weights for M . If M is any semifinite von Neumann algebra with 
separable predual , then Al, is not cb-isomorphic to a subspace of . In particular, A4^ and M-t are 
not cb-isomorphic. 

Proof. By Theorem 13.51 it follows that there exists an embedding i : Roo M with a normal faithful 
conditional expectation E : A4 ^ i{Roo) ■ This yields a cb-embedding E^ : {Roo)* ^ such that 
-£'*((i?oo)*) is cb-complemented into Al* . 

Suppose by contradiction that Al* is cb-isomorphic to a subspace of AC . This gives rise to a a cb- 
embedding of (i?oo)* into A1, . The crucial point is now the fact that the operator Hilbert space OH 
is cb-isomorphic to a subspace of {Roo)* , as proved by Junge ^22j. A different proof that yields to the 
improved cb-isomorphism constant < V2 has been recently obtained by the authors (see ^7\). However, 
since Af is semifinite, OH does not cb-embed into the predual Af* , as shown by Pisier l35] . This leads to 
a contradiction, and the proof is complete. □ 



Examples of non-injective type Illg-factors with an invariant normal state on their flow of weights can 
be obtained as follows: 

Example 3.11. Given a dense countable subgroup G of M, let A/g be the corresponding injective type IIIq- 
factor constructed in Example 13.91 . Let Af he a semifinite non-injective factor, and set A^g AJ'g'^J^ ■ 
Then AIg is a type Illo-factor, since by CoroUary 3.2.8 in [3 , S{AfG'^Af) = 5'(7Vg) . Furthermore, A^g 
is clearly non-injective, and, moreover, by Theorem 13.51 it admits an invariant, normal state on the flow 
of weights. 

Remark 3.12. The existence of an invariant normal state on the flow of weights appears in a different 
context in Connes's paper [5]. Here a certain class class of foliated 3-manifolds {V,F) is considered, and 
it is proved that if the Godbillon-Vey invariant of such a foliated manifold is non-zero, then the von 
Neumann algebra Ai associated to {V, F) must have an invariant normal state on its flow of weights (see 
[B], Theorem 0.3. and Theorem 7.14.) 

4. CB-ISOMORPHISM CLASSES OF PREDUALS OF INJECTIVE TYPE IIIq-FACTORS 

In this section we will prove the following: 

Theorem 4.1. For every < t < 2 , there exists a non-transitive ergodic flow { Ai*\ {9i^'^)s i^r) with 
separable predual A^/^ , such that for all normal states uj on 

Ait) 

we have 

lim Wujoe^^*} -uj\\^t. 

n — ^oo 

As a consequence we obtain: 
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Theorem 4.2. If {A4''*^)o<t<2 are the hyperfinite type IIIq- factors with {A^*\ {9i*'^)ses.) from Theorem 
\4-l\ as flow of weights, then for any < ti < t2 < 2 , the predual A^l*^'' of is not cb-isomorphic to 

a cb- complemented subspace of the predual A^l*^'' of Ad^*""^^ . 

In particular, (All*'')o<t<2 is a family of mutually not cb-isomorphic preduals of hyperfinite type IIIq 
factors. 

Proof. Let < ti < t2 < 2 . Assume by contradiction that A^l*^^ is cb-isomorphic to a cb-complemented 
subspace of A4^^^ . By Proposition 12.91 we can then embed A^^'^^ into ^A^*^'' as a von Neumann algebra 
with a normal faithful conditional expectation E : Al^*^) onto. Let (pi be a normal faithful state 

on A^(*i) and set (/)2 :— (pioE . Then 02 is a normal faithful state on A^^*^) satisfying (|3.14p . As explained 
in the proof of Theorem 13. 5[ this ensures the existence of an embedding of A/''-*^-' :— A^^*^'' >^cr*i ^ into 
AT^'s) := Al(*2) with a normal faithful conditional expectation E : 7^*^) J\f(*i) , satisfying 

(4.1) =i? 

and ((3T5)) , where 7ri(A^(**)) and (Aj(i))teR denote the generators of A'^*') , i = 1,2. By (pTjl and ((3?2l) . 
we then infer that 

Furthermore, by the bimodule property of conditional expectations, we have as in the proof of p.l6p that 

E{A^*''>) C . 

Set S := . Then S : A^'"^ -> is a unital, normal, positive mapping satisfying 

(4.2) 5o6'(*^) =6i(*i) oS*, seR. 

Choose a normal state tui on and set lj2 ■— uJi o S*. Then UJ2 £ 5nor(A'*"^) and by gj) we get 

(w2 o 6i(*=^) - W2) = {ioi o 6i(*i) - cji) o S* . 
By positivity we infer that \\S\\ < 1 and therefore 

\\uj2 o ei*'^ - LJ2\\ < |la'io0(*i) - Will ■ 
Let s := 2" , n > 1 , and pass to the limit as n — > 00 . We infer that t2 < ti , which is a contradiction. □ 

The proof of Theorem 14 . 1 1 will be achieved in several steps. Recall first the action of Z on = {0, 1}°° 
by the dyadic odometer transformation (cf. [41], Vol. Ill, Definition 3.24). Define g : ft ^ il by: 

g{0,X2,X3,X4,...) = {l,X2,X3,X4,,-..) 

5(1,0, xs, 2:4, .. .) = (0, l,X3,a;4, . . .) 

g(l,l,...,l,0,x„+i,...) = (0, 0,...,0,l,a;„+i,...) 

.9(1,1,1,...) = (0,0,0,...) 
Take < a < i . Define a measure i^a on by 

t^a ■= ®5^LiMa , where ^ia aSo + (1 - a)6i . 
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It is easy to check that g preserves the measure class of , i.e., the image measure 3(1^0) has the same 
null-sets as Va ■ Therefore g induces an automorphism a of Va) by 



(4.3) 



cj{f){x)^ f{g-^x), f eL°°in,,ya).xen. 



It is well-known that a is ergodic, i.e., if / G L°°{n,i'a) satisfies a{f) = f (i/a-a.e.), then / is i/a-a.e. 
equal to a constant function. This can be seen by observing that {g")nei, have the same orbits in (up 
to null-sets) as the natural action of Zj"""* = {(a^i, 2:2, X3 . . .) e fl;xi 7^ eventually, as i — s- 00} on fl , 
generated by {pk)kLi ■, where pk changes to 1 — Xfe in x = {xi ,X2,---) € and leaves the remaining 
coordinates of x unchanged. The induced action on L°°{n,h'a) 

is ergodic, because the crossed-product L°^'{fl, Ua) Xa Z2°°' is a factor (cf. [53], Introduction). Therefore, 
a is ergodic, as well. 

In the following, wc will use the symbol Va also to denote the normal state on L°^{Vl, Va) given by 



With this notation, we have 

Lemma 4.3. The following equality holds: 

(4.4) lli^aocr-z^all =2-4a. 

Proof. Note that 

{vaoa)(f)^ f f{g-'x)dva{x)^ f fdg-\va), feL^{^,Va), 
Jn Jn 

where g^^{va) is the image measure of Va by the map g^^ . Hence 



\VaOa- Va\\L^{Q.,y^), 



dg H^a) 



dVa 



For every n > 1 , let Kn be the set of elements in Vl of the form 

( 1, 1, ^. . , 1 , , Xn+l , Xn+2 ,...), 
n — 1 times 

where Xj G {0, 1} for j > n + 1 , and put fco = (Ij Ij Ij ■ . .) . Then il = {^J'^^-^Kn) U {fco} (disjoint union). 
By the definition of g and Va it is clear that for every Borel set E in Kn, 

ji-i 

Va{E)- 



I- a 



a 

Since g~^{va){E) = Va{gE) , it follows that 

dg'^ii^a) 



1 - a 



(4.5) 



dv„. 



-{x) = 



1-a 



n-2 



X e Kn. 
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Since 1 — a > a , it follows that 



dva 



1 



E 



a 



l-a 



n-2 



a 

2 -4a. 



1 -a, 
II a 



n— 3 



a(l — a) 



The last equality can, of course, be obtained by summation of the infinite sum, but it can be obtained 
more easily by observing that, since 



dva 



dva = 1 . 



the positive and negative parts of ^ ^ft, ° ~ 1 have the same L^-norm, and therefore 

n-2\ 



n— 3 

The proof is complete. 



S - 



a(l-a)' 



l-a 



- 1 a = 1 - 2a . 



□ 



Note that the action of g on can be considered as binary addition of (1, 0,0,.. .) and {xi , a;2 , . . .) G 
with carry over to the right. More generally, if fc € N has the binary representation 

fc = fci + fc22 + fc32' + . . . + A:„2™-i , 

then the action of g^ on Q, is given by binary addition of (fci ,k2 , ■ ■ ■ , k„i , 0, 0, . . .) and (a;i ,X2 , ■ ■ ■) with 
carry over to the right. In particular, if fc = 2" , for some n £ N , then m = n + 1 and 

(fci,fc2,... ,fc™,0,0,...) = ( 0,0, . .., ,1,0,...). 

n times 

Hence g'^" {{xi, . . . ,Xn,Xn+i,Xn+2 •■•)) = (^^i, • • ■ ,x„, g{{xn+i,Xn+2, ■ ■ •))) • This also implies that for all 
positive integers n we have ct^" — ® a . 

Proposition 4.4. For all 4> £ Snor{L°°i^, J^a)), 

(4.6) lim 110 ocT^" - 011 = 2- 4a. 

Proof. Let cj) £ Snor{L°°{n, I'a)) ■ For aU n > 1 , let A„ := (g)^=i?°°{0, 1} «) 1 and set w„ := (j)\A„ ■ Then 

o £:„ = W„ (g) ((g)^„+iMa) , 

where £"„ denotes the natural conditional expectation of L°^{Q, Va) onto An ■ By standard infinite tensor 
product theory, it follows that for all -0 £ Saor{L°"{Vl, Va)) , we have 

lim \\'il)oEn - V-ll = 0. 

n — *oo 

Hence it suffices to prove (|4.6p for all n > 1 and all £ 5nor(i°°(f^, Va)) of the form 

:= W «) {®T=n+ll^a) , OJ £ S'nor(An) ■ 
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Fix n > 1 and consider cj) e S'nor(-^°°(f^i i^a)) of this form. Then, for ah to e N with to > n, we have 

(/) = a;(g)/la(g)...(8)/ia(g) ((X)£„+iAia) • 

V 

m — n times 

Since (*S)^yj^i/^a) = z^a , we conclude by previous considerations that 

m—n times 

By Lemma [32] we deduce that 

110 O cr^" - 011 = //a ■ ■ • ^a^i^a ^ CF - ^a)\\ 

m—n times 
= \Wa°0--l^a\\ 

= 2 - 4a . 

Hence hm ||(/)oa^ — 011 = 2 — 4a, and the proof is complete. □ 

m — ^oo 

Proof of Theorem \4-l\ Let (g, $7,1'^) be the transformation space as above. In the foUowing we wiU 
construct the associated flow under the constant ceihng function 1. This is a special case of Krieger's 
construction of the flow under a ceiling function (f> given in |27| . p. 46-47. 

Set n := n X [0, 1) and Va = Va x dx , where dx is the Lebesgue measure on [0, 1) . Given s € R , define 

(4.7) gs{x,v):={g^{x),t'), xel7,0<y<l, 

where s + y = n + y' , with n G Z and < y' < 1 • 

Then {{gs)seR,i^,Va) is a one-parameter group of Borel-measurable actions on D, which preserve the 
measure class of . Define now 5 as the corresponding action on L°°{n,i7a) , i.e., for all s G R and all 
f€L°^{n,i7a) let 

iasif)){z):^fig;\z)), z^ix,y)eh. 

For simplicity of notation, set a := (crs)seR ■ 

By the remark following Definition 3.1 in [51] (Vol. II, p. 385), a is ergodic. Also, g is non-transitive, 
because every orbit {g^x;n e Z} is countable, so all g-orbits have measure. Hence g :— {gs)s£R is 
non-transitive, because g-orbits are of the form L = Lq x [0, 1) , where L Q D, is an orbit for g, so 

i^a{L) = l^a{Lo) = 0. 

We conclude that (i°°(17, tv), ct) is an ergodic and non-transitive flow. Hence this flow is the "smooth 
flow of weights" of a unique (up to von Neumann algebras isomorphism) hyperfinite factor of type Illg 
(see 1.4 in the Introduction). 
We claim that for aU G 5nor(i°°(fi, i^a)), 

(4.8) lim 110 o - 011 = 2 - 4a . 
Indeed, let /c G Z . By pT7|) we have 
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Hence 

(4.9) C^fc =CT''(K)Idioo([o,l),da;)■ 
In particular, we deduce for any n > 1 that (72" = cr"^ ® IdLoo([o,i) ,dx) ■ 

Given a positive integer m, denote by Bm the set of functions which are constant on , ^) , for all 
< z < 2'" . Note that 

= Spanjq, Ir . < i < 2™} . 

Further, let Km '■ L°°{[0, 1)) B,n be the natural conditional expectation onto Em preserving Lebesgue 
measure dx . Then the mapping Fm '■= IdL°°(o,i/„) ^ Fm is a conditional expectation of L°°(ri,j^) onto 
L°°(r2, j^a) (81 i?m preserving i^a . Clearly, for all normal states 4> on L°°{n, Va) , 

lim \\cboFm-cj)\\=0. 

n — ''Oo 

Therefore, in order to prove (|4.8p it suffices to consider states (f) of the form 

(4.10) (j) -.^ u; o F„, , 

where m E N (arbitrarily chosen) and a; is a normal state on L°°{il, i^a) ^ Bm ■ 
Fix now m e N , and let (j) be of the form ()4.10p . For < i < 2™ , set 

Then Ui are positive linear functionals on L°°(ri, Va) , = 1j ^-i^d the w^'s determine u uniquely. 

For any fc € Z we obtain by (|4.9p that 

2"-! 

II0O 5fc - (/)|| = ^ o a-'' - [Jill . 

4=0 

By Proposition we deduce that lim Hx""'^ —x|| = (2 — 4a) , for every positive normal functional 

n — *oo 

X on L°°{n, Ua) ■ Hence 

(2'"-l \ 2"-! 2'"-l 

^ Woj, o a^" - 60,11 = (2 - 4a) ^ = (2 - 4a) ^ u;,{l) = (2 - 4a) . 
1=0 / i=0 i=0 

The proof is complete. □ 

In the following we will compute Connes' T- invariant for the hyperfinite type Illo-factors , < i < 2 
constructed above. Recall that, if is a von Neumann algebra with a normal, faithful state (p , then 
Connes' T-invariant T{M) defined by 

T{M) := {t eM.;<jfe Int(X)} 

is independent of cj) , since for any normal, faithful state on M , 

afix) = {Dijj : D4>)r<jf{x){D^j : D(j>); , TeR,xeM. 

By [H], Vol. II, Chap. XII, if 7W has flow of weights iZ{Af),e) , then 

T{M) = {r e K;3u e Z(7V), u unitary such that6'5(M) = e'"it , s G M} . 
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Theorem 4.5. For all < t < 2 , 

(4.11) r(xW) = <^ — ;fceZ,neN 



2" 

The proof is based on the following intermediate results: 

Lemma 4.6. For < t < 2 , let {A^^\ 6''^*)) be the flow constructed in the proof of Theorem \4-l\ Then for 
all f e , 

lim |l4^(/)-/||2 = 0, 

n — >oo 

where the 2-norm is taken with respect to the measure Va — Va ® dx , defined in the proof of Theorem \4-l\ 
(t = 2-Aa). 



^(/)ll2- / Hg-'x)\'dva{x)^ I \h{x)\''dg'\va){x)^ I \h{x)\^^^-^(^)dM^) ■ 



Proof. Let ft , Va and a be as defined above (see (j4.3p '). Then, for all / G L°°(n, Va) , 

dVa 

^^(x)d..(x) 



By (|4.5p . we have 

an ^ f 7y„ 1 — ^ / a \ 
n—1 ^ ^ 



Hence 



< ^—^ , and therefore 



(4.12) lk(/)ll^<^ll/ll^ 

a 

Since for all positive integers n , cr^" = Ua„ (8) cr^") , where cr^") is equal to cr shifted to <8'^„_(.i^'^{0, 1} . 
we get from (|4.12p that 

1 

2" . .Ml , /I - a 



Ik' (/)||2< (^^j II/II2, feL^{n,iya). 
Moreover, since cr2" = cr^" (8) Idioo^p^i) , it also follows that 

Ik2"(/)||2< f^V||/|l2, feL^{ha,Va). 



Since U^]^A„ is dense in L°°{Qa, i^a) , it follows that the increasing union U^]^(yl„ ® ^'•[0, 1))) is dense 
in L°°(f2a jt'a) • Let now / e L°°(ila jt'a) and e > . Choose n e N and g G A„ (g) i([0, 1)) such that 
II/ — .9II2 < £■ Since (t^"\a„ = IdA„ , we have(T2"(g) = (f'" ^ IdL~([o.i)))(.9) —9 - Therefore, 

lk2'^(/)-/||2 < Ik2"(/-,g)||2 + ||.9-/||2 



< 1(^1 +1 u. 



This shows that lim ||cr2i(/) — /II2 = , and the proof is complete. □ 



Lemma 4.7. Let t e M such that lim e*^^" = 1 . Then t e {^; /c e Z , n e 
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Proof. Choose tiq G N such that 

(4.13) \e^''^" - 1\ < 1 , n>no. 

Assume further that e'^^"" ^ i ^ j,^^^ (|413l) . it follows that e*^2"o = ^tv ^ foj. gQj^e e (-f , f ) \ {0} . 
Hence there exists keN such that §2-'= < \v\ < ^2^''' . But then e*^2"«+'= ^ gi«2'= ^^^^ | < 2'=^ < ^ZL . 
Then je*'^^ ^ 1| > 1 , which contradicts (|4.13p . Hence e*"^^ ° = 1 . This yields the conclusion. □ 

Proof of Theorem \4.5\ Fix < t < 2 . Let r G T{A4t) ■ Then there exists a unitary u g L^fi, Va) such 
that (m) = e*^''(w) , for all s G R. Since 

(?2" (u) u , as n ^ oo , 

it follows by Lemma |46] that lim e*'^^" = 1 . By Lemma l4Jl we conclude that r e | fc G Z , n e N| . 

Conversely, let r e {^;fc,n e N} . Then there exists n e N such that e''^^" = 1. Put, as before, 
A„ = «'fe^iZ°°{0, 1} (g) 1 . Note that dim(A„) = 2" . For < j < 2"-^ , put 

Gj := {(fcj^' , /c^^' , . . . , fc(f ) , a::„+i , Xn+2 , ■ ■ ■); a^j e {0, 1} for j > n + 1} , 

where j = fcj"'' + k2^2 + . . . + kn^2"'~^ is the unique binary representation of j {kf G {0, 1}). Using again 
the fact that the action of g on f2 is given by the binary addition of (1, 0,0,.. .) and {xi , X2 ,■■■)€ Q with 
carry over to the right, it follows that 

g{Gj) = G,+i , 0<j< 2"-i , 

where G'2'i = Go . Hence pj := Iq^ (0 < j < 2"~^) are orthogonal projections in An with sum equal to 1, 
satisfying a{pj) = Pj+i (0 < j < 2"~^) , where indices are calculated modulo 2" . Set now 

uo := Pq + e^"pi + . . . + e-^(2"-i)rp2„_^ 

Then uq G is unitary and satisfies cr(uo) = e'^uo . Next set 

= uo(a::)e"*'^^ , x e , y G [0, 1) . 

Then u is a unitary in L°°[Vla ,Va) ■ We will check that 

(4.14) ^,u = e'^"u, seE, 
which implies that r € T(A^(*)) . Indeed, for any s e M, 

{e-su){x, y) = u(5s(2:, y)) = u(5r"a;, y') , 

where s + y = ji + y' (integer part and fractional part, respectively, of s + y). Hence 

{9-su){x,y) ^ uo{9''x)e''^y' ^ {a-"uo){x)e-"y' = e~''"^uo{x)e-'^^'+y-^^ 

= e~'^'uuix)e-'^y 
= e^"'u{x,y). 

Replace now s by — s to obtain (|4.14p . This completes the proof of Theorem 14.51 □ 
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